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Divideand conquer

Designing a recursive algorithm 1 Sort firsthalf recursively
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Climbing stairs

how would you explain to someone

how to climb a long staircase
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Proof by induction

assume instructions work for 1 step

Base case 2 1 stair

General case n 2 stairs
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Planar graphs

graph can be drawn so that edges only
interect at their endpoints aka embedding in theplane
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Theorem all planar graphs are 5 list colorable



Theorem all planar graphs are 5 list colorable

Proof use stronger induction hypothesis



Proof by induction on n

base case n 3



sroof by induction on n

let n 3

Case 1 B has a leaf



et n 3

Case 2 B is a cycle
Case 2 a B has a chord



et n 3

Case 2 B is a cycle
case 2.6 B has no chord



Chapter 2

Induction and recursion

2.1 One step at a time

Imagine a long staircase with, say, 1000 stairs. Someone asks you, how do I get
from the bottom to the top? And you might respond:

Let’s take it one step at a time. Say you’re at a particular step. Now put
one foot on the next step, and use that leg to push your body up and put
the other foot on that step, so now your entire mass is on the next step.
You can use either foot for the first step. Now if you keep repeating this
for each step you will eventually get to the top.

The key part is the beginning: Let’s take it one step at a time. Say you’re at a
particular step. Immediately you recognize that each step is identical, and it su�ces
to give instructions for a generic step. It would be excessive to say, “For the first step,
do bla bla bla. Then for the second step, do bla bla bla. For the third step, do bla
bla bla, ...” and so forth, giving detailed instructions for every step.

Let us try to prove by induction that the instructions will scale to any staircase.
Of course there is something a little awkward about proving something like this,
that’s not a formal and purely mathematical claim. This is meant as an introductory
example to develop intuition.
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Claim: For any n œ N, the instructions above will scale a staircase of n steps.
We take for granted that the instruction of using one foot at a time works to go

up one step. The only thing to prove is that repeating this instruction will extend to
long staircases, no matter how long.

The subtle challenge is that our argument needs to be independent of n. We don’t
want to write a separate proof for every value of n œ N, or proofs that get longer and
longer for larger values of n.

Suppose n is large. Directly verifying that the instructions work for each of n
steps, one by one, is tedious and boring. However, if we assumed the claim holds
for n≠ 1 steps, then the extension to n steps is much easier. Induction allows us to
assume that the claim holds for n≠ 1, for any generic n.

The only exception is n = 1, since we have no “n ≠ 1” to build on. So this is
a base case that we prove from scratch. Although we do not leverage an induction
hypothesis, n = 1 is obviously very simple. It is typically the case that base cases are
simpler.

Without further ado, here’s the “proof”:
Base case: suppose n = 1. If you follow the instructions once, then you climb
one stair. Since the staircase has one stair, this one step completes the staircase.
General case: Suppose n > 1. Note that we do not know the value of n, although
in our minds, we may sense that it shouldn’t really matter. We probably sense that
it should behave just like n≠ 1 steps, with one extra step. Here’s how we put that
intuition into words:

We follow the instructions and take one step onto the next stair. The remaining
staircase is a staircase with n ≠ 1 steps. By induction on n, the instructions will
work for any (n≠ 1)-step staircase. We apply this to the n≠ 1 remaining steps, and
conclude that the instructions work on any n step staircase as well.

That completes the proof. The principle of induction assures that by addressing the
base cases, and explaining how to transition from one proven case to the next unproven
case, we automatically address all cases. This might seem obvious for staircases but
the point is that the principle applies generally to much more complicated and abstract
situations.

2.2 Towers of Hanoi

So much for stairs. Hopefully it is a simple enough example that the point is clear,
but my only concern is that it is too simple. Instead of understanding staircases by
induction / recursion, one can also easily “see through” the induction and conceptualize
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the instructions iteratively as a loop, so to speak. So here is a famous puzzle that is
too complicated to easily understand and solve without recursion and induction.

In the legend of the towers of Hanoi, there are three posts, which we call post A,
post B, and post C. On post A, there is a stack of n rings of increasing radii from top
to bottom. (In the story, n = 64.) We are allowed to move one ring at a time from
the top of one post to the top of another post. Our only constraint is that each post
must remain in order: a ring cannot be placed on top of another ring with smaller
radius.

The challenge is as follows: is it possible to move all the rings from post A to post
B, subject to these rules? We encourage the reader to pause and try to solve this
puzzle.

Algorithm. We present a recursive algorithm to solve the Towers of Hanoi problem.
We first define a recursive spec for our algorithm:

Towers-of-Hanoi(n,A,B,C): Assuming the n smallest rings are on post
A, moves the top n rings from post A to post B.

We now implement Towers-of-Hanoi (abbr. ToH). In the base case, n = 0, and
there are no rings to move. So ToH(0,A,B,C) does not do anything.
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Towers-of-Hanoi(n, A, B, C)

/* Assuming the n smallest rings are on post A, move the top n rings from post A to post B. */

1. If n > 0:
A. Towers-of-Hanoi(n≠ 1, A, C, B).
B. Move the top ring from A to B.
C. Towers-of-Hanoi(n≠ 1, C, B, A).

Figure 2.1: Recursively solving the towers of Hanoi problem.

<latexit sha1_base64="bSswDQ8Fmhrk7y5bVmcsozxIAqw="></latexit>

(1)

<latexit sha1_base64="wiuQ1VNVvM/iHR9POzP5wAfuNQw="></latexit>

(1.A)

<latexit sha1_base64="HRMBK0UnzLgl53/wnnY4jRlHmpE="></latexit>

(1.B)

<latexit sha1_base64="DZFqkdpYMjipSuY3g+L90Yah7fE="></latexit>

(1.C)

Let n > 0. When implementing the algorithm recursively,
we assume ToH fulfills its specification for any smaller value of n.

Now, to move the top n rings from A to B, we will need to
move the nth ring (from the top) from A to B. To do that we
need to move the top n≠ 1 rings out of the way, from A to C.
How do we do that? Easy: ToH(n≠ 1,A,C,B)!

We call ToH(n≠1,A,C,B) to move the top n≠1 rings from
post A to post C. Then we move the top ring from A to B.
Then we move the n≠ 1 rings from post C to post B by calling
ToH(n≠ 1,C,B,A).

That’s the entire algorithm. The general case is three lines.
See fig. 2.1 above for pseudocode.
Proof of correctness. The proof of correctness is essentially built into the recursive
specification. More precisely, the recursive specification is exactly the inductive
hypothesis. We prove Towers-of-Hanoi fulfills the recursive spec by induction on n.

In the base case, n = 0, is immediate, as there are no rings to move, and the
algorithm does nothing.

Let n > 0. When we first call ToH(n≠ 1,A,C,B), the n≠ 1 smallest rings are
on post A, as required. By induction on n, ToH(n≠ 1,A,C,B) moves the top n≠ 1
rings from A to C. Then we move the top ring from A to B, putting the nth smallest
ring on B. Before we call ToH(n≠ 1,C,B,A), the n≠ 1 smallest rings are on post C,
as required. By induction on n, ToH(n≠ 1,C,B,A) moves the n≠ 1 smallest rings
from C to B, where they sit on top of the nth smallest ring. At termination, the n
smallest rings are now on post B, as desired. This completes the proof.
Optimal towers of Hanoi. Above we’ve given some algorithm to solve the towers
of Hanoi problem. We now ask for the optimum algorithm: how do you move all the
rings from post A to post B, with the minimum number of ring moves? Again we
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pause to let the reader think.

It turns out we don’t need a new algorithm. We claim that the Towers-of-Hanoi
algorithm above also makes the minimum number of ring moves. How do we prove
this? By strengthening the recursive spec.

Towers-of-Hanoi(n,A,B,C): Assuming the smallest n rings are on post
A, moves the top n rings from post A to post B with the minimum number
of ring moves.

Let Tn be the number of ring moves made by ToH on n rings. We claim that Tn is
optimal for all n, by induction on n.

The base case is n = 0. Here T0 = 0 which is clearly optimal.
Suppose n > 0, and we are moving n rings from post A to post B. ToH makes

Tn = 2Tn≠1 + 1 ring moves; we want to show that this is optimal.
The nth ring can be moved from A to B only if the top n≠ 1 rings are on post C.

Thus any algorithm must (at least) move the top n≠ 1 rings from A to C, move the
nth ring from A to B, and move the n≠ 1 rings back from C to A. By induction on
n, Tn≠1 equals the minimum number of ring moves to move n≠ 1 rings from one post
to another. So any algorithm must make at least 2Tn≠1 + 1 = Tn ring moves. Thus
Tn is the minimum number of ring moves.

2.3 Greatest common divisor

For two integers x, y > 0, the greatest common divisor of x and y is the largest positive
integer that divides both x and y. We ask the reader to try to think of an algorithm
to compute the greatest common divisor of x and y.

Suppose x Ø y. If q divides x and y, then q also divides x ≠ y. Conversely if q
divides y and x≠ y, then q also divides x = y + (x≠ y). Thus the greatest common
divisor of x and y is the greatest common divisor of y and x≠ y.

Now how do we compute the greatest common divisor of y and x≠ y? Recurse!
As always, before implementing the recursive algorithm we define the recursive

spec. Here we add the conditions that x Ø y and x > 0 for the sake of convenience.
(It allows the code to be a little more compact.)
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GCD(x,y)

/* Given two positive integers x, y œ ZØ0 with x Ø y and
x > 0, returns the greatest common divisor of x and y. */

1. If y = 0 then return x.
2. Return GCD(max{x≠ y, y},min{x≠ y, y}).

Figure 2.2: Euclid’s algorithm for computing the greatest common divisor.

GCD(x,y): Given two positive integers x, y œ ZØ0 with x Ø y and x > 0,
returns the greatest common divisor of x and y.

Here is the code implementing the spec.

Lemma 2.1. Given two nonnegative integers x, y Ø 0 with x Ø y and x > 0, GCD(x,y)
of fig. 2.2 computes the greatest common divisor of x and y.

Proof. We prove the claim by induction on x + y œ N.
In the base case x + y = 1. Then we must have x = 1 and y = 0, and the greatest

common divisor is 1. This matches the output of GCD(1,0).
Suppose x + y > 1. If If y = 0 then x is the greatest common divisor of x and y,

matching the output of GCD(x,y).
Now suppose y > 0. Let xÕ = max{x≠ y, y} and yÕ = min{x≠ y, y}. The

algorithm returns GCD(xÕ,yÕ). As argued above, the greatest common divisor of x and
y is the greatest common divisor of xÕ and yÕ. Since xÕ + yÕ < x + y, by induction,
GCD(xÕ,yÕ) returns the greatest common divisor of xÕ and yÕ, which is also the greatest
common divisor of x and y, as desired.

Running time analysis. What is the running time of GCD(x,y)? Each recursive
call decreases x + y by at least 1, and the minimum value of x + y is 1. So the running
time is O(x + y) (treating subtracting as a constant time operation).

Is O(x + y) a good running time? It looks like a linear running time. However,
it takes O(log n) bits to express x and O(log y) bits to express y, so the input size
is really O(log(x) + log(y)) = O(log(x + y)). Thus O(x + y) is in fact exponential in
the bit complexity of x and y.
A faster algorithm. To speed up GCD(x,y), let us consider a bad case that realizes
the O(x + y) running time. For example, suppose y = 2, and x is a very large odd
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number. The algorithm repeatedly subtracts 2 from x until x becomes 1, taking
O(x/2) iterations in all.

In that example, 1 = x mod y. For general x Ø y > 0, the algorithm repeatedly
subtracts y from x we reach x mod y.

Observe that if r = x mod y, then q divides both x and y if and only if (abbr. i�)
q divides r and y. This follows from the fact that x = ky + r for some integer k such
that ky Æ y. Thus r and y have the same greatest common divisor as x and y. This
gives the following faster implementation for GCD(x,y) (as specified above):

GCD(x,y)

/* Given two positive integers x, y œ ZØ0 with x Ø y and
x > 0, returns the greatest common divisor of x and y. */

1. If y = 0 then return x.
2. Return GCD(y,x mod y).

Figure 2.3: A faster algorithm for computing the greatest common divisor.
We first prove this faster version correctly implements the recursive spec.

Lemma 2.2. Given two nonnegative integers x, y Ø 0 with x Ø y and x > 0, GCD(x,y)
of fig. 2.3 computes the greatest common divisor of x and y.

Proof. We prove the claim by induction on y œ N.
If y = 0 then x is the greatest common divisor of x and y, matching the output of

GCD(x,y).
In the general case y > 0. Let r = x mod y. The algorithm returns GCD(y,r). As

argued above, the greatest common divisor of x and y is the greatest common divisor
of y and y. We also have r < y. By induction on y, GCD(y,r) returns the greatest
common divisor of y and r, hence the greatest common divisor of x and y.

Now for the running time analysis. If y = 0 then of course the running time
is constant. Let x Ø y > 0, and let r = x mod y. If r Æ y/2, then this iteration
divides y in half. If r Ø y/2, then in the next iteration, y mod r Æ y/2. Thus every
two iterations divides the y parameter by a factor of 2. Thus the algorithm runs in
O(log y) iterations.

If we treat “x mod y” as a constant time operation, then the algorithm takes
O(log y) time. Otherwise, it x mod y can be computed in O(log(x) log(y)) time by
long division. This gives a O

1
log(x) log2(y)

2
running time overall. Either way, we

now have a running time that is polynomial in the input size, rather than exponential.
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2.4 Bipartite matchings and vertex cover




































































































































Special case Bipartite graphs

Is maximum matching NP Hard in

bipartite graphs

Recall that a graph G = (V, E) consists of points V , called
vertices, and point-to-point connections E called edges. In an
undirected graphs, edges model symmetric connections between
the vertices, and are represented by unordered pairs of vertices like
e = {u, v}. In directed graphs graphs, edges are “directed” from
one vertex (the tail) to another (the head), and are represented
as ordered pairs (u, v).

Let G = (L fiR, E) be an undirected bipartite graph. “Bipartite” means that the
vertices are partitioned into two sets – L (for “left”) and R (for “right”), and every
edge e has exactly one endpoint in L and one endpoint in R.

A matching is a set of edges M ™ E whose endpoints are disjoint. (M “matches”
vertices on the left to vertices on the right.) A vertex cover is a pair of vertex sets
(S, T ), where S ™ L and T ™ R, such that every edge has an endpoint in S or T (or
both). bipartite graph

Bipartite 4

Matching

coal max

setofed.ge g.d.istinctendpoints

bipartite graphd

O

O

O

O

O

O
Goal min

setosvertiq.ieideIef.atedgesp
Consider the following two problems:

1. Maximum matching: compute the maximum cardinality matching M .

2. Minimum vertex cover : compute the minimum cardinality vertex cover (S, T ).

It is easy to see that the maximum cardinality matching is at most the minimum
vertex cover. Indeed, for any matching M , and any vertex cover (S, T ), each edge
e œ M has at least one endpoint in S fi T . Moreover, since M is a matching, each of
these endpoints are disjoint. Thus

|M | =
ÿ

eœM

1 Æ
ÿ

eœM

|e fl (S fi T )| Æ |S fi T |.

Theorem 2.3. In any bipartite graph G, the maximum size of any matching equals
the minimum size vertex cover.
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Proof. We define the “size” of a graph G, denoted |G|, as the number of vertices plus
the number of edges. We prove the claim by induction on the size of the graph. In
the base case, a graph of size 0 has no vertices or edges, and the claim is immediate.

Consider a bipartite graph G = (L fi R, E) of nonzero size N , and assume by
induction that the claim holds for all smaller graphs. Let k be the size of the minimum
vertex cover in G; we claim there exists a matching of size k.

Suppose there exists a vertex cover (S, T ), of size |S| + |T | = k, such that neither
S nor T is empty. Let GS be the graph obtained by removing T and all the edges
incident to T . S is a vertex cover in GS. Moreover, any vertex cover (A, B) (where
A ™ L and B ™ R \ T ) in GS gives a vertex cover (A, B fi T ) in G. Since (S, T ) is the
minimum vertex cover in G, we have |A| + |B| Ø |S| for any vertex cover in GS. That
is, (S, ÿ) is a minimum vertex cover in GS. Since GS is smaller than G, by induction,
there exists a matching MS in GS of size |S|. Note that MS is covered by S and does
not have any edges incident to T .

Symmetrically, there exists a matching MT of size |T | that is covered by T and
does not have any edges incident to S. Then M = MS fiMT gives a matching in G
size k, as desired.

Otherwise, suppose every vertex cover (S, T ) of size k has either S or T empty.
Let e = {u, v} œ E (where u œ L and v œ R) be any edge, and let GÕ = (V, E Õ), where
E Õ = E ≠ e, be the graph obtained by removing e. If GÕ has a vertex cover (A, B) of
size |A| + |B| < k, then both (A + u, B) and (A, B + v) are vertex covers of G of size
at most k, and at least one of these two vertex covers has both parts nonempty – a
contraction. Thus every vertex cover in GÕ also has size at least k, and in particular,
(S, T ) is a minimum vertex cover of GÕ. By induction on the size of the graph, there
exists a matching M in GÕ of size k; clearly, M is the desired matching in G of size
k.

Maximum matching and minimum vertex cover form an example of packing and
covering duality. The inequality |M | Æ |S fi T | is called weak duality, and the stronger
claim maxM |M | = min(S,T )|S fi T | is called strong duality. Duality allows us to
mutually certify maximum matchings and minimum vertex covers, by comparing their
cardinalities. Duality will be a theme later in the book.

2.5 Induction on planar graphs

Working again in undirected graphs, we now allow the endpoints of an edge e to be
equal; then e is called a self-loop or just a loop. Graphs are typically visualized by
drawing each vertex as a dot and each edge as a line connecting the dots.
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A planar graph is a graph that can be drawn in the
plane so that the edges intersect only at their endpoints.
Such a drawing is called an embedding of the graph in
the plane. The graph on the right is an example of a
planar graph.

Not all graphs are planar. For example, the complete
graph on 5 vertices (with all

1
5
2

2
distinct edges) is not

a planar graph.
Let G be a planar graph and fix an embedding of G in the plane. The vertices and

edges of a planar graph divide the plane into regions, called faces. The unbounded
region is called the outer face; the vertices and edges bounding the outer face is called
the outer boundary of G.
Euler’s formula. Planar graphs have several beautiful properties that do not hold
for graphs in general. A striking one is Euler’s formula.
Theorem 2.4 (Euler’s formula). For any connected planar graph G with m edges, n
vertices, and p faces,

n≠m + p = 2.

Proof. We prove the claim by induction on the number of vertices, n. In the base
case, n = 1. Then every edge is a self-loop, enscribing an interior face, so p = m + 1.
Then n≠m + p = n + 1 = 2, as desired.

<latexit sha1_base64="xZf5rcsEzUNHxel5OLsLIE0wMp4="></latexit>

u
<latexit sha1_base64="y9MoAujwV4ocdUeH/8gCNJFmWDc="></latexit>

v
<latexit sha1_base64="FRr5aDH/BehqpI/hjL4Jxyie1l0="></latexit>

e
<latexit sha1_base64="QaW0vZ3IItL6DbkV3iQZ0I289s0="></latexit>

{u, v}

Suppose n > 1. Since the graph is connected, G has
at least one edge e = {u, v}. Let H be the graph obtained
by contracting e to a single vertex. This has the e�ect
of decreasing the number of edges and the number of
vertices by 1. The number of faces remains the same. By
induction on the number of vertices, Euler’s formula holds for H, which gives

(n≠ 1)≠ (m≠ 1) + p = 2.

The LHS simplifies to n≠m + p, as desired.
Corollary 2.5. For any simple planar graph (with no self-loops or parallel edges),
with m edges and n Ø 3 vertices, m Æ 3n≠ 6.
Proof. Let p be the number of faces. Every face is bounded by at least three edges,
and each edge is on the boundary of at most 2 faces. Thus 3p Æ 2m. Plugging this
into Euler’s formula gives

n≠m + (2/3)m Ø 2.

Rearranging, we have m Æ 3n≠ 6
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List-coloring planar graphs with 6 colors. Fix a graph G = (V, E). For k œ N,
a k-coloring is an assignment fi : V æ [k] such that for any edge e = {u, v} œ E,
C(u) ”= C(v).1 We can think of [k] as representing k di�erent colors, and fi : V æ [k]
as “coloring” each vertex one of the k colors. Then fi is a feasible k-coloring if there
is no monochromatic edge; i.e., the endpoints of every edge has di�erent colors.

A fundamental problem is as follows: given a graph G = (V, E) and k œ N, is
there a k-coloring of G?

The famous four color theorem states that any planar graph can be colored with 4
colors. The theorem is notorious for its long history of failed proofs. The theorem
was finally proven by [AH77], but with a catch: Appel and Haken needed the help of
a computer to enumerate a large number of special cases. Consequently the proof
was largely incomprehensible. It remains open to obtain a proof without the help of a
computer.

We will study a related problem, called list coloring. Here each vertex v is
associated with a set of colors C(v) µ N. The goal is to color the vertices fi : V æ N
so that (a) fi(v) œ C(v) for all v, and (b) there is no monochromatic edge. A graph
G = (V, E) is said to be k-list colorable if for any family of lists {C(v) : v œ V } such
that |C(v)| Ø k for all v, there exists a feasible list-coloring of G.

Theorem 2.6. Every planar graph is 6-list colorable.

Proof. We may assume the graph is simple, since self-loops and parallel edges have
no e�ect on coloring.

In any planar graph with at least 3 vertices, by Euler’s formula, the average degree
is bounded above by

2m

n
Æ 6n≠ 12

n
< 6.

Since the average degree is less than 6, the minimum degree is less than 6; that is, at
most 5.

Now, consider any planar graph G. If G has less than 3 vertices than certainly
it can be colored with 6 colors. Suppose G has at least 3 vertices. Then there is a
vertex v with degree Æ 5. Let H be the graph obtained by removing v and all incident
vertices. H has one less vertex than G. By induction on the number of vertices, there
is a 6-coloring of H. At most 5 of the 6 colors are taken by neighbors of v. Thus
the 6-coloring on H can be extended to a 6-coloring on G by assigning v an available
color.

One can covert the proof into a linear time algorithm; see exercise 2.5.
1Here [k] def= {1, . . . , k}.
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List-coloring planar graphs with 5 colors. Now we prove a stronger result:
that every planar graph is 5-list colorable. The following theorem and proof is due to
[Tho94].

Theorem 2.7. All planar graphs are 5-list colorable.

The proof is elegant example of identifying a stronger induction hypothesis that is
easier to prove. Theorem 2.7 follows from the following lemma by arbitrarily coloring
any two consecutive vertices along the outer boundary.

Lemma 2.8. Let G = (V, E) be a planar graph, and let B = (VB, EB) be the boundary
of G.

(a) Two vertices x, y œ VB adjacent in B are already colored – and —, respectively.

(b) |C(v)| Ø 3 for all v œ VB.

(c) |C(v)| Ø 5 for all v œ V \ VB.

Then the coloring of x and y can be extended to a proper list coloring of G.

Proof. We prove the claim by induction on |V |.
In the base case, |V | = 3. The remaining uncolored vertex v has |C(v)| Ø 3, so

there is a color available for v.
Consider the case |V | > 3. We assume in induction on |V | that the claim holds

for |V |≠ 1 (or fewer) vertices. Let B be the boundary of G. We have a few cases.
Case 1. Suppose G has a leaf v along its outer boundary. Let H be the graph
obtained by removing v. H has one fewer vertex, and the outer boundary of H is the
outer boundary of G except without v.

Suppose first that v is not either x or y. H now meets the hypothesis of the claim
with one fewer vertex. By induction on the number of vertices, there is a proper
list-coloring of H extending the coloring on x and y. Since |C(v)| Ø 3, and v has only
one neighbor, there is an available color to extend the coloring from v to G.

Now suppose v = x or v = y. Without loss of generality we assume v = x. Choose
another vertex xÕ adjacent to y, and assign it an available coloring –Õ. H, xÕ, and y
now meet the hypothesis of the claim with one fewer vertex. By induction, there is
a proper list coloring of H extending the colors assigned to xÕ and y. Again, since
|C(v)| Ø 3, and v has only one neighbor, there is an available color to extend the
coloring from v to G.
Case 2. Suppose G has no leaf along its outer boundary B. Then B is a cycle. Here
we have two sub-cases.
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Case 2.a. Suppose B has a chord.2 Split B into two sides B1 and B2 meeting at u
and v. Let G1 be the planar graph bounded by B1 fi {u, v} and let G2 be the planar
graph bounded by B2 fi {u, v}. G1 has fewer vertices than G, so by induction, there
is a proper list coloring of G1.

Now consider G2, and assign u and v the two colors given by the list coloring G1.
By induction, the colors on u and v can be extended to a proper list-coloring of G2.

Finally, combining the list-colorings of G1 and G2 give a list-coloring on G.
Case 2.b. Now suppose B does not have any chords. Let v be the vertex on the
other side of x from y. Since |C(v)| Ø 3, C(v) contains at least two additional colors
“, ” distinct from –.

The neighbors of v consist of x and another neighbor u on B, and a number of
neighbors t1, . . . , tk in the interior of B. Let H be the graph obtained by removing v
and all incident edges from the graph. Observe that t1, . . . , tk are all exterior vertices
of H. Consider the list-coloring problem on H where we remove “ and ” from C(ti)
for i = 1, . . . , k Then all vertices on the boundary of H have colors lists of size 3 or
greater, and all interior vertices have color lists of size 5 or greater. By induction on
the number vertices, we can extend the coloring on x and y to a proper list coloring
on H.

To then color v, observe that none of the vertices t1, . . . , tk are assigned “ or ”.
The only other neighbors of v are u and x, where x is already assigned –. So either “
or ” (or both) is available to color v, which extends the list coloring to all of G.

2.6 Additional notes and materials

See [Che15], [Eri19, Chapter 0], or [GKP94, Chapter 0] for more background on
induction.

There are many di�erent ways to prove Euler’s formula; see [Epp]. Thomassen’s
proof [Tho94] is also described in [AZ18].
Spring 2024 lecture notes. Click on the links below for the following files:

• Handwritten notes prepared before the lecture.
• Handwritten notes annotated during the presentation.
• Recorded video lecture.

Spring 2023 lecture materials. Click on the links below for the following files:
• Handwritten notes prepared before the lecture.
• Handwritten notes annotated during the presentation.
• Recorded video lecture.
2Given a cycle C, a chord is an edge between two non-adjacent vertices of the cycle.
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2.7 Exercises

Exercise 2.1. For each of the following variations of the Tower of Hanoi problem,
give an algorithm that solves the problem with the minimum number of ring moves.
Recursive algorithms should have an explicit recursive spec. We will treat the recursive
spec as an induction hypothesis to justify the correctness of the algorithm, and no
explicit proof is otherwise required.3 Non-recursive algorithms require a proof (which
should be short).

You may assume as fact that the Towers-of-Hanoi algorithm (fig. 2.1, on page 36)
moves n rings from one post to another in the minimum number of steps.

1. In the easy towers of Hanoi problem, we remove the restriction that the rings
always have to be in sorted order on each post. The goal is still to move n
sorted rings from post A to post B, in sorted order on post B.

2. In the cyclic towers of Hanoi problem, a ring can only be moved in “cyclic”
order from post A to post B, from post B to post C, and from post C to post
A. The goal is to move n sorted rings from post A to post B.

3. The double-cyclic towers of Hanoi is like the cyclic towers of Hanoi problem
except now the goal is to the n sorted rings from post A to post C.

4. In the thick towers of Hanoi problem, we have 3n rings of n distinct sizes with
three copies of each ring. (Rings of the same size can stack on top of each other.)
The goal is to move all 3n rings from post A to post B.

5. In the triple towers of Hanoi problem, we have 3n rings of n distinct sizes with
three copies of each ring. The goal is to distribute the rings so that each post
has n rings, one of each size, in sorted order.

6. In the American towers of Hanoi problem, we have n rings with each ring
colored red, white or blue. The three posts are also colored red, white, and blue.
Initially all the rings are stacked (in order of size) on the red post. The goal is

3You may want to work out a full proof for yourself anyway for extra practice. Additional
justification or comments might help the grader’s understanding in the event of partial credit.
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to stack all the red rings on the red post, the blue rings on the blue post, and
the white rings on the white post (again, in order of size).

7. In the messy towers of Hanoi problem, the n rings are initially distributed
arbitrarily over the three posts. (Each post is still in order.) The goal is to
move all the rings to a single designated post.4

8. (Extra credit) Invent a fun and interesting variant of the towers of Hanoi
problem.

Exercise 2.2. For each of the recursive specifications below, design a recursive
algorithm implementing the specification. (No proof or analysis is needed.)5

1. subset-sum(x1, . . . , xn, T): Given n integers x1, . . . , xn œ Z, and an additional
integer T , returns true if there is a subset of indices S ™ [n] such that q

iœS xi =
T , and false otherwise.

2. min-vertex-cover(G = (V, E)): Given an undirected graph G = (V, E), return
the minimum size of any vertex cover of G.
(A vertex cover is a set of vertices S ™ V that includes at least one endpoint of
every edge e œ E.)

3. max-matching(G = (V, E)): Given an undirected graph G = (V, E), return the
maximum size of any matching.
(A matching is a set of edges M ™ E with disjoint endpoints.)

4. max-independent-set(G = (V, E): Given an undirected graph G = (V, E),
return the maximum size of any independent set of vertices.
(Given an undirected graph G = (V, E), an independent set is a set of vertices
S ™ V such that no two vertices u, v œ S are connected by an edge.)

4You are allowed to look at the current configuration and identify which post has the nth smallest
ring, for any given n. You may have di�erent cases depending on which post has the nth smallest
ring.

5Your algorithms will not be very fast, but their correctness should follow from an induction
argument using the recursive spec as the induction hypothesis.

You are welcome to describe your algorithm using high level steps as long as they are clearly easy
to implement and would take linear time; e.g., “let G1 be the graph obtained by removing such and
such vertices and such and such edges.” See the sample solutions on page 49.

We recognize that some of these problems have well-known e�cient algorithms. That is besides
the point; the goal here is to rapidly get some practice thinking recursively.

Lastly, do not change the recursive spec.
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5. longest-increasing-subsequence-including-first(x1, . . . , xn): Given a se-
quence of numbers x1, . . . , xn, return the length of the longest (strictly) increas-
ing subsequence of x1, . . . , xn over all subsequences that include x1. (You may
assume n Ø 1.)
(A subsequence of x1, . . . , xn is a sequence of the form xi1 , xi2 , . . . , xik

, where
1 Æ i1 < i2 < · · · < ik Æ n. A sequence of numbers y1, . . . , y¸ is strictly
increasing if yi < yi+1 for i = 1, . . . , ¸≠ 1.)

6. reachable(G = (V, E),s,t): Given a directed graph G and two vertices s, t œ V ,
return true if s can reach t in G, and false otherwise.
(s can reach t if either s = t or there is a sequence of (directed) edges of the
form (s, v1), (v1, v2), (v2, v3), . . . , (vk≠1, vk), (vk, t). Note that the endpoint of one
edge is the initial point of the next edge. This is also called a (directed) walk in
G from s to t.)

7. partition(x1, . . . , xn): Given n integers x1, . . . , xn œ Z, returns true if there is
a subset of indices S ™ [n] such that q

iœS xi = q
iœ[n]\S xi, and false otherwise.6

Exercise 2.3. Recall that a tree is an undirected graph with no cycles.

1. Prove by induction that every tree has list-coloring number at most 2.

2. Design and analyze am algorithm that, given a tree T = (V, E), and color lists
C(v) of size Ø 2 for each vertex v, computes a proper list coloring of T in linear
time.

Exercise 2.4. Let T = (V, E) by a rooted binary tree. Recall that a full binary tree
is a binary tree where every non-leaf node has exactly. The goal is to compute the
maximum size of any full binary tree that is a subgraph of T .

Exercise 2.5. Design and analyze a linear time algorithm for six-coloring a planar
graph.

6This might be the trickiest one. No, you cannot reduce to subset sum. You need to implement
this recursive spec, recursively.

48



2. Induction and recursion
2.7. Exercises

Kent Quanrud
Spring 2025

Sample solution.
Problem. (Exercise 2.2 problems 1 and 2.) For the following recursive specifications, design a
recursive algorithm implementing the specification. (No proof or analysis is needed.)

1. subset-sum(x1, . . . , xn, T): Given n integers x1, . . . , xn œ Z, and an additional integer
T , returns true if there is a subset of indices S ™ [n] such that

q
iœS xi = T , and false

otherwise.

2. min-vertex-cover(G = (V,E)): Given an undirected graph G = (V,E), return the
minimum size of any vertex cover of G.
(A vertex cover is a set of vertices S ™ V that includes at least one endpoint of every
edge e œ E.)

Solution.

subset-sum(x1, . . . , xn, T)

1. If T = 0 return true.
2. If n = 0 return false.
/* x1 is either in the sum or not. */

3. Return subset-sum(x2, . . . , xn, T) ‚ subset-sum(x2, . . . , xn, T ≠ x1)).

min-vertex-cover(G = (V,E))
1. If E = ÿ then return 0.
2. Let e = {u, v} œ E be any edge.
/* Any vertex cover must contain either u or v. */

3. Let Eu = {d œ E : u œ d} and Ev = {d œ E : v œ d} be the sets of edges incident to u and v,
respectively.

4. Let G1 = (V ≠ u,E \ Eu) be the graph obtained by removing u and all edges incident to u.
5. Let G2 = (V ≠ v,E \ Ev) be the graph obtained by removing v and all edges incident to v.
6. Return 1 + min{min-vertex-cover(G1), min-vertex-cover(G2)}.

Rubric. Each problem is worth 2 points:
1 point. Correct base cases.
1 point. Correct induction/recursive step.
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