













































































Integer multiplication
and the

Fast Fourier Transform
















































































Multiplying n bit integers
Karatsuba

Input X y E 0,137

Output product Xy 0,132m

1234

5671

Better
















































































Divide bits in half

a
11,701011ft

Y 9,16
00

1019,4401L
X X 2h t Xz y y 2 tyz

x y X y 2 X 42 4 272 7242

which multiplies 4 pairs of n 2 bit numbers
















































































x y X y 2 X Yaty 2 2ⁿᵈ 7242

Ideas
















































































X y X y 2 X Yaty x2 2 X242

Karatsuba's Trick
already computed

I
x tally tyz X Y t

Iffy
t Xyz

one multiply

X Yz XzY X Y t 7242 x t x2 y tyz
M t

2 multiplies for the price of 1 more
















































































X y X y 2 X Yaty x2 2 X242

Karatsuba's Trick
already computed

I
x tally tyz X Y t

Iffy
t Xyz

one multiply

X Yz XzY X Y t 7242 x t x2 y tyz
M t

2 multiplies for the price of 1 more
















































































Designing a recursivealgorith
RecursivespecificationRecursive specification declaresinputoutputsago
contractalgomustsasin
inductionhypothesisforcorrectness

Implementspec
Provecorrectness
arguealgosatisfiesrecursive

Dividebits in half

a

1,170101421ft
Y 9,4 91019,4401L

x x2h t xz y yan'tya

x y Xy 2 X42 4272 7242

whichmultiplies 4pairsof1h12bitnumbers

Karatsuba'sTrick alreadycomputed

EYII.ttxiitIIYitxazX
YztXzY XY Xyz x tallytyz
M t
2multiplies forthepriceof 1 more









































































Designing a recursivealgorith
RecursivespecificationRecursive specification declaresinputoutputsago
contractalgomustsasin
inductionhypothesisforcorrectness

Implementspec
Provecorrectness
arguealgosatisfiesrecursive

Dividebits in half

a

1,170101421ft
Y 9,4 91019,4401L

x x2h t xz y yan'tya

x y Xy 2 X42 4272 7242

whichmultiplies 4pairsof1h12bitnumbers

Karatsuba'sTrick alreadycomputed

EYII.ttxiitIIYitxazX
YztXzY XY Xyz x tallytyz
M t
2multiplies forthepriceof 1 more



















































































Designing a recursivealgorith
Recursivespecification
declaresinputoutputofalgo
contractalgomustsuisin
inductionhypothesisforcorrectness

Implementspec

Recursive specification

sora no induction on n se

Provecorrectness
arguealgosatisfiesrecursive

Implement spec
















































































4 Running time

T n 3T o n

I
















































































4 Running time

Running time

T n 3T Oln

logan

É 3 n
n

n

3 1 3
I

y En

T n 3T E 0 n 0610923 2n

pl 585
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and the

Fast Fourier Transform
















































































Complex numbers

imaginary i satisfying
is 1

a t bi multiplication
realpart imaginarypart at bi Ctdi

act octad Gd

at 6 polynomials over

p x dota x azx t an ith
t

power series over

ex 17
2 1 m

d
















































































Euler's formula reaGri t.in iarypart

imaginary i s.t.is 1

I
cos t i sin 0 atbi ctdi act octad ie

e txt m

et cos isin

Euler's identitysin

eti 1

e2Ti
















































































realpaart T imaginary

part

nth roots of unity imaginary i s.t.is 1

atbi Ctdi act octad

any WEC sit wh 1
e txt m

e g w 1 for all n Euler's formula

et cos is in
w 1 for n even

e
i

w i for n 4
sin

let Est
wn It eatin Euler's identity

WIG eti t.es ti 1

1 Wn Wi m wit
are all nth roots of unity














































nth discrete Fourier transform Fn reaki Einar
part

imaginary i s.t.is 1

Input do 9 92 m an atbi Cadi act octad i

e I txt

Output n values
Euler's formula

Fna p 1 p un p Wi m

p wñ e
i coso is in

where p x got a xt a x t anx
sin

conjugate Fourier transform FP
Euler's identity

Input do 91 92 m an EIC eti 1 eati
Output n values

Wn pain
Fn a p 1 plain p wit m

p Wn 1 un wain wit are
all nth roots of unity

where p x aotaixtazxtmtan.tn
l



Input do 9 92 m an area ri
imaginary

part

imaginary i s.t.is 1

Output n values atbi Ctdi act octad

Fna p 1 p un p w m

p w
e I txt

Euler's formulaF a p 1 plain p wit r
p Wn eoi coso tis.in

where p x aota aft tannin l eti

y

in

Fact Ff Fna Fn a na
cost

Euler's identity
eti 1 eati

i.e Fn and FI are essentially inverse Wn faith
1 Wn WE m wit are
all nth roots of unity



at bi
Input do a az m an ed

imaginary I 1

Output n values atbi ctdi act octad i

e I txt t m

Fna pls plan p wi m plain
Euler's formulaFfa pls plain plain m pawn eli cos Ot is in

efiwhere pix got a x tap't tant't

Fact F1Fn a FnFfa na

yo

no

Euler's identity
Theorem Fna and Fta can be

eti l eat i I

computed in Oln log n time
Wn
Ies eatin

1 Wn Wi m Wnt are

all nth roots of unity



Application multiplying polynomials m.G.it inameart

imaginary i s.t.is 1

p x do a Xt m an
1 atbi ctdi act octad b

e 17 2 3
m

q x Go b xt m bn Euler's formula

et cosot in

goal compute sino

r x p x q x
n 2 Euler's identity

Cotc X or
2n 2x eti t.es ti 1

K
un pitiln

where Ck 696k i 1 wn win wit ar
all nthroots ofunity

Fna p 1 p wn p wi m
p wit

Fha p s p wit pwit m plwn
where p x not a xt aft tanx

Fact F Fna FnFa na

Theorem Fna Fta in O nlogn



Input p x do a x an it Grittidarpart

9 x Go 6 xtmtbn.ph
1 imaginary i sit 12 1

atbi ctdi act octad b

goal r x p x q x cotcixtmtcan.gs e txt m

Euler's formula

Idea r win p win q win
et coset in

sino

p g TOST
Euler's identityO nlogn eti 1 e2Ti

Fana Ent wn pain
1 Wn WI m wit ar

n by mult pairwise all nthroots ofunity

1 C Fna p 1 plwn p wi m
p wit

Fha pls pwin pwit m plwn
where p x aota xt aft tanxO nlogn Fact F Fna FnFfa na

C FhEnc Theorem Fna Fta in O nlogn



Input do 9 92 m an E C ireaifrt.it dnarypart

imaginary i s.t.is 1

Output n values atbi Ctdi act octad

Fna p 1 p wn p wi m

p wit
e txt m

Euler's formulaFla p s p wit p wit m
p Wnl eoi cosot is in

where p x aota x a x t tanx
t ei

Fact F Fna FnFfa na e

no

Euler's identity
Theorem Fna and Fta can be

eti 1 e2Ti

computed in O nlogn time
wn It pain
1 Wn Wi m wit are
all nth roots of unity



Idea WIn Wh reaGrit.imiarypart
imaginary i s.t.is 1

atbi Ctdi act octad i 6let a 90 9 92h 1 ex 1 txt m

Fan a k do a Waln m

Azn win Euler's formula

et cosot in
no a_ when can 2 when

2
even

sino

a win azlwknptmtazn ilwh.fm odd
Euler's identity
eti 1 e2Ti

Wn pain
1 Wn WI m wit ar
all nthroots ofunity

Fna p 1 p wn p wi m
p wit

Fha p s p wit pwit m plwn
where p x not a xt aft tanx

Fact F Fna FnFa na

Theorem Fna Fpa in O nlogn



Idea WIn Wh eGrit binarypart
imaginary i s.t.is 1

atbi Ctdi act octad i 6let a 90 a 92h 1 ex 1 txt m

Fan a k do a Waln m

Azn win Euler's formula

et cosot in
no a_ when can 2 when

2
even

sino

osa win az w n
m an 1 win odd

Euler's identity

90 92 when m an 2 wk jan
2 etti t.eati

lwnE2Tiln1wn WI m wit ar

Go tazwhtmtazn 2ch all nthroots ofunity

Fna p 1 p wn p wi m
p wit

Fha p s p wit pwit m plwnFnGeven k where p x not a xt aft tant

Fact F Fna FnFa naw 9 even Ao 92 92m 2

Theorem Fna Fpa in O nlogn



Idea Win Wh Grit binarypart
imaginary i s.t.is 1

atbi Ctdi act octad blet a 90 a 92h 1 ex txt m

Fan a k do a Waln m

Azn win Euler's formula

et cosot in
no a when can 2 when

2
even

sino

a wjntazlwknptmtazn ilwh.fm odd
Euler's identity
eti 1 e2Ti

a win az w n
m azny win wn pain

1 Wn WI m wit ar

WIn a tazwhtmtazn.lk
h all nthroots ofunity

Fna p 1 p wn p wi m
p wit

Fda p s p wit pwit m plwnWK Fn Clodd is
where p x not a xt aft tanx2h

Fact F Fna FnFfa na

w dodd 9 93 2n 1 Theorem Fna Fpa in O nlogn



Idea Win Wh Grit binarypart
imaginary i s.t.is 1

atbi Ctdi act octad i 6let a 90 a 92h 1 ex 1 txt m

Fan a k do a Waln m

Azn win Euler's formula

et cosot in
no a_ when can 2 when

2
even

sino

TOSTa wjntazlwkn.pt m an 1 when odd
Euler's identity
ex 1 e2Ti

FnGeven k when Fn Clodd is an eatin
1 Wn WI m wit ar
all nthroots ofunity

Fna p 1 p wn p wi m
p witrecurse

Fha p s p wit pwit m plwn
where p x not a xt aft tanx

Fact F Fna FnFfa na

Theorem Fna Fta in O nlogn



real rt
T imaginary

part

Fast Fourier Transform do an imaginary i s.t.is 1

atbi Ctdi act octad b

1 if n 0 return e txt m

2 if n I return Ao Euler's formula

et cosot in3 let Yo Ying 1
FFT deven

4 let 20 2m12s 1 FFT add
sino

s5 return 70 Xn 1 Euler's identity
eti 1 e2Ti

where Xk yktwhzkk Q.int
wn pain
1 Wn WI m wit ar
all nthroots ofunity

Fna p 1 p wn p wi m
p wit

T n Fda p s pwit pwit m plwn
where p x not a xt aft tanx

Fact F Fna FnFfa na

Theorem Fna Fta in O nlogn








