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Probability Algorithms

Events probabilities
Bigidea

Union young

APPROX
let
t.glgjftiisjsesatisfied

conditional probabilities EE iim
2 Y clausessatisfied

E Z ETZIX T E 217 5ETY 78 1 clausecase

El Yea El Y EmETY 78m eitherEZlxT or EZ1x F is E Z

Random variables
icks.ieiiifiiiEfif

iiiiexpected value Randomdivideandconquer fitting
ppickrandompivot

EEtiiiiilinearity of expectation iii nie if.fiiiiiiiiiI.IEiiIEIiIiIEIII.IEiinnEfEfiEaspitÉied a pig ed nowanalyzeEX inisolation
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Randomized Rounding

Story of

approximations

pMemnpUS

randomization

Continuous MMM Discrete
VS

optimization optimization


































































Integer Programs IPs

min max CjXj linear objective

over x EZ integral variables

sit A XE 6
linear

Az x 62 constraints
43 263

for fixed vectors c 61,646 and matrices Al AzAz

NP Hard


































































Linear programs
LPs

similar to IPs except no integrality constraints
h

min max cjXj linear objective
linear

over XERAR integral variables

sit A x 6
linear

Az 62
constraints

A 3 263

for fixed vectors c b 62,63 and matrices A1 AzAz


































































linear program
s flow f E R o sit

a capacity constraints

O f e Ecce eEE
size of flow 6 conservation offlow

Max Σ Σf over felpE
a.EE dEEefvw v sit

WEE LassEE 491s 1 8 9

sit OE f e Ecce eEE

on

a
eEf u v Σf yw v s t

yW EE

linear program because objective constraints

all linear functions off


































































Linear Programs are in P C

teakly polynomial
1947 Simplex algorithm

Dantzig
not polytime but practical

1979 Ellipsoid algorithm polytimeKhachiyan
1984 Interior point algorithm

Kharmarkar


































































what's the difference

Discrete vs Continuous
optimization optimization

Integer
Programs

Vs Linear

Programs

T Y
NP Hard polynomial time


































































LP Based Approximations

model as IP
approximateh

max Cjxj integral solution
ZEIN

over XEL

sit Axel T rounding
LP solver optimal

LP solution
max X

My

XER
over XETEMIR

sit A 6
My

relax to LP
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3 SAT Approximating BSAT Max 3 SAT

ENTEÉrmula

96 Xn XVzVxz 1 x4V 1 Goal satisfy Max tf clauses

mm mm go

d

Interesting even if 6 is unsatisfiablem clauses n variables
2 Approximation algorithm deco 1

Algorithm satisfies 2 OPT clauses
inThe silliest APX algorithm optimum max value

1 for i l n
o g

O o
o

a randomly set x
TRUE w prob.s
FALSE W prob S Oo

prod
O

K

We will I
96 nXD

prove silly algo is 78 APX Cava
AXzVXzVxT

derandomize sillyalgo deterministic78 APX or I
and AND

Even more surprising not n't a
probalisticallycheckableproofs SATProgrammingLanguage inputs inputs inputs input

PCP Theorem

FTE APX is NPHard HE o
m concuss


































































provesillyalgo is 78APX provesilly algo is 78AP2 disjoint clauses 2 clauses w
1for i l n

ThesilliestApxalgorithm 1fori l nI common variablea randomlysetx EYE p I a randomlysetx EYE p

5G x VXzVIz A X4VEgVxo 5G XVIzVXz A X3VXqVIs
T T T T

E eventthat C satisfied E eventthat C satisfie

II

E Cz PIE Ef
PrTt E 3 5 I PrTE Elxz F I

PET Prey

E a

T YE
provesillyalgois APX

Big idea we onlywant the averagethesilliestaxalgorithm

III sax EYEd

g

t F4 Et
streets

4YY
NÉE averagesum sum ofaverages

q no

E eventthatC satisfied

let Y
1 if ith clausesatisfied

E3 Cz
O otherwise Ci 1 mm

ETY 7 8 11 clause case

how to analyze a randomized mechanism ETEtsf.ie E Y ETY 78m
w a combinatorial explosion of possibilities actuallyeasy


































































Max SAT

conjunctivenormalform

CNF formula

96 Xn x VzVxz A x4V 1

m clauses n variables

any of variables per clause

goal satisfy max clauses


































































Approximation ratios for k SAT vs max SAT

k sat max SAT

42

better


































































LP Based Approximations

model as IP
approximateh

max Cjxj integral solution
ZEIN

over XEL

sit Axel T rounding
LP solver optimal

LP solution
max X

My

XER
over XETEMIR

sit A 6
My

relax to LP


































































LP Based Approximations
modelas IP

IP for max SAT it S in
sit Ax16 round

LPsolver optimal
M t LPsolution

max E Zi É MyrelaxtoLP

over ye 0,13 ZE 0,13m

sit E Y t Ell Yj 22 for each clause Ci
j xjEC jixj.EC

2
1 is ith clause satisfied e.g G X VIzvx
O if not

constraint

Yj
1 if Xj True

0 if Xj FALSE Y 1 42 4322


































































LP Based Approximations
modelas IP

IE oLP for max SAT I
groundsit Axs6

I LPsolver optimal

Mff
ER

Max Zi gg

solution

relaxtoLP

over ye 10,1 ZE 0,1M

sit I for each clause Ci
jixj.ec

jt 1 Yj 2z
j

xjECizi

1 is ith clause satisfied e.g CE X VI Vx
O if not

constraint

Yj
1 if Xj True

0 if Xj FALSE Y 1 42 4322


































































IP for max SAT LP for max SAT

Max Zi Max Zi

over ye 0,13 ZE 0,13m over ye 10,1 ZETO.IM

st.fgeyjtj.EE Yj 22i s.t.gg jtj.gd Yj 22i

NP Hard Solvable

OPTIPIOPTLP


































































LP Based Approximations
modelas IP approximate

Rounding LP solution into ion

sit Ax1b round

YE TO I
7 X E TRUE FALSE I a solver optimal

iiiggnrelaxtoLP

Max Zi

over ye 10,1 ZE 0,1M

ideas

sore.name

St
j ecjtj.EeIYj 22

2
1 is ith clausesatisfied
0 if not

Yj 1 if Xj True
0 if Xj FALSEe.g how to interpret y T


































































LP Based Approximations
modelas IP approximate

Rounding LP solution into ion

sit Ax1b round

ye TO I
7 XE TRUE FALSE I a solver

i gqrelaxtoLP

Max Zi

over ye 10,1 ZE 0,1M

sit Ijixjec.it
1 Yj 2 z

j xjEC
foreachclause

2
1 is ith clausesatisfied
0 if not

Yj 1 if Xj True
0 if Xj FALSE


































































LP Based Approximations
modelas IP

round

LPsolver optimal
LPsolutionclaim each clause Ci is satisfied Σ a

EEiEi qtftw probability 1 e 2

PTC not satisfied max 2

over ye 0,1 ZE 0,17

t.gg YfgIg y
a.gg qq.ge

2 If clause
satisfied

The
XjECi xj̅EC Ese

e
x.EC it Ec Yj e

2

fate

y

e
2

2 e tz e 1 2 é iétzie


































































LP Based Approximations
modelas IP approximate

Y É integrateElation

sit Ax16 round

claim each clause Ci is satisfied I a solver optimal

iggnw probability 1 Ye z
relaxtoLP

Max Zi
ET sat clauses CI Ye OPT

over ye 10,1 ZE 0,1M

claim

man

St j.ge jtE
1 yj2zjxjECi

2
1 is ith clausesatisfied
0 if not

Yj 1 if Xj True
0 if Xj FALSE


































































LP Based Approximations
modelas IP approximate

integraggglation

sit Ax1b Tround

EI sat clauses l Ye OPT gÉÉf
relaxtoLP

Max Zi

over ye 10,1 ZE 0,1M

St
j ec jtjEeIYj 22Better

soreanaan

2
1 is ith clausesatisfied
0 if not

Yj 1 if Xj True
0 if Xj FALSE


































































LP Based Approximations
modelas IP

round

LPsolver optimal
claim each clause Ci is satisfied

iii myw probability 1 e 2

what if Ci has 1 variable
max 2

P sat C 2 over ye 10,1 ze 0,17

sit jfgec.Ytj.EE Yj
2

2 variables foreachclause

2 If clause
satisfied

Yj 1 if Xj TRUE
0 if Xj FALSE


































































LP Based Approximations
modelas IP

round

LPsolver optimal
claim each clause C is satisfied solution

E

w probability 1 e 2 my
what if Ci has 1 variable

max 2

P sat C 2 over ye 10,1 zE 0,17

sit jfgec.Ytj.EE Yj
2

2 variables e g Ci X V2 foreachclause

2 If clause
satisfied

TC not sat l y l yz
E.EE

11 442
AM GM

ab afp
1 3 7 11 2 1 5 2 1

1 2 25
4 1 2j


































































LP Based Approximations
modelas IP approximate

integraggglation

sit Ax1b Tround
l

ET sat clauses t Ye OPT i gÉjrelaxtoLP

Max Zi

over ye 10,1 ZE 0,1M

sit Ijixjec.it
1 Yj 2 z

JxjEC
foreachclause

2
1 is ith clausesatisfied
0 if not

Yj 1 if Xj True
0 if Xj FALSE

Can we get f Apx


































































Bayapproximations

modelas IP approximate

1 integreggation

sit Ax1b TroundIf heads do oblivious rounding 1 LPsolver optimal
LPsolution

If tails do LP rounding É MffrelaxtoLP

h

Max Zi
claim each clause Ci is satisfied

w probability 42 St
j ec jtj.g IYj 22

z
1 is ith clausesatisfied
0 if not

Yj 1 if Xj True
0 if Xj FALSE
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Minimum Set Cover

M points Im 1 m

N sets Si m Sn Im

Goal Select k sets See Seam Sek

minimizing k

S.T Se Use Um User Im

NP Hard


































































9 x XD
Cx Va
A XzVXzVXT
n m

yes no

Minimum
pause here and try Set cover

to think of a
solver

reduction from 3 SAT


































































f x X VIzVXz ACxaVxyvxs A
Invariables

m clauses

elements
per X VXzVXz XzVX4Vxs I VX3VEs M

clause

sets
X X X2 Iz Xz

assignments

elements 1 2 3 m

per variable

f satisfiable a set cover of size n


































































LP Based Approximations
modelas IP

EtonIP for set cover
Troundinsit Axs6

t LPsolution

i gÉf
itmin Éx relaxtoLP

over XE 0,13 Minimum set cover

j ies
I tie my

M points Ime a m

N sets Sum SneImsat
GoalSelect k setsSeamSe

minimizing k
S.T Se Um User Im

I if Sj in set cover
xj

O otherwise


































































LP Based Approximations
modelas IP

LP IIsfor set cover
Troundinsit Axs6

LPsolution

gÉfiImin Éx relaxtoLP

Minimum Set Coverover XE 0,1
m points me 1 m

N sets Sum SheImSt Ex 21 Tietm
Goal Selectk sets seams

g IES minimizing k
S.T Se Um User Im

I if Sj in set cover
xj

O otherwise


































































IP for set cover LP for set cover

min II x min II x
over XE 0,13 over XETO.IT

St
j s Xj

31 ST
j s tj

I

tie Tm tie Tm

NP Hard Polytime solvable


































































LP Based Approximations
modelas IP

Rounding LP solution IIsS
sit Ax16 Troundin

XE TO IT m FE Si m Sn LPsolution

gig
it

relaxtoLP

Ideas
Minimum Set Cover

M points Im 1 m

N sets Si m Sn Im
Goal Selectk sets seams
minimizing k

How to interpret X 5 s.t.se um use Em

min Efx
over XETO.IT

St
j
EesXj I

tieEm

Xj
I if Sj in set core
O otherwise


































































LP Based Approximations
modelas IP

Rounding LP solution IEEE
sit Axs6 Troundin

XE TO IT m FEES m.sn

zzrelaxtoLP

Minimum Set Cover

III F1 Xj OPT good m points Im 1 m

N sets Sum SheIm
Goal Selectk sets seams

fix a point i minimizing k
S.T Se Um User ImELI sets in F covering it Ex 21

j ies min ÉX
over XETO.IT

PIF not cover i Tl I g dies e Xjjies
IET St j.gs tj I

tietm

Xj
I if Sj in set core

e Esto s e
l

0 otherwise


































































LP Based Approximations
modelas IP

Rounding LP solution IEEE
sit Ax1b Troundin

XE TO IT m FE Si m Sn
ÉÉÉ

It
s
ÉIn

asolution

relaxtoLP

Minimum Set Cover

III F1 Xj OPT good m points Im 1 m

N sets Si m SnE Im
IF not cover i e

l
Goal selectk setsSei m s

minimizing k
S.T Se Um User Imso F covers each point w

min Éxconstant probability
over XETO.IT

F is a set cover w constant prob St
j
EesXj I

tieTm

Xj
I if Sj in set core
O otherwise


































































LP Based Approximations
modelas IP

Rounding LP solution IIsS
sit Ax1b Troundin

XE TO IT m FE Si m Sn Éq
solver EPI on

Mff
ER

relaxtoLP

for d 1 TBD
Minimum Set Cover

M points Im 1 m

ILI FI LEX L OPT N sets Si m Sn Im
Goal Selectk sets seams
minimizing k

IF not cover i l dXj s.t.se um use Em

min ÉxEe LEX s e
d

over XETO.IT

OFF not set cover I PIF not cover i ST
j
EesXj I

tieEm

I m ed I too for 2 0 login x I is s inset core
M O otherwise


































































LP Based Approximations
modelas IP

Rounding LP solution IIsS
sit Ax1b roundin

XE TO IT m FE Si m Sn I LPsolution

i qÉgi
it

relaxtoLP

for d 1 TBD
Minimum Set Cover

M points Im 1 m

I IFI LEX L OPT N sets Si m Sn Im
Goal Selectk sets seams
minimizing kIF not set cover I too

M s.T Se Um User Em

for 2 0 login min Éx
over XETO.IT

St
j
EesXj I

Odogm APX tieTm

Xj
I if Sj in set core
O otherwise
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Covering IPs

min CjXj

over XEZ.IO
St

j AijXj
6 for item

where HER S GER CE Rio
demands costs

WLOG Hijab t i j why

Set cover is special case w AijE 0,13 bi l Cj l
LP B d A


































































LP Based Approximations
modelas IP approximate

LP relaxation into ion

sit Axs6 Troundi

LPsolver optimal

min Ect Éi MMj relaxtoLP

over XE 126 RIO covering IPs
min CjXj

St Aix 26 for item over xez

ja s.t ÉAijxj
foritem

Hijab ti j

LP B d A


































































LP Based Approximations
modelas IP approximate

Rounding LP solution
into ion

sit Axs6 Troundi

LPsolver optimaln m ZE ZXERO Io
42221

91,9

Covering IPsLP relaxation
min CjXjmin CjXj

Ideas

over ten over XEZIO
sit ÉAijXjSt jÉAijxj bi for itemforitems
Hijab ti j

LP B d A


































































LP Based Approximations
modelas IP approximate

É integaggation

sit Axs6 Troundi

LPsolver optimaln mXERO ZEE O
iii MMrelaxtoLP

Covering IPs

min CjXjmin CjXj
over XEZIOover XERI
sit IfAijXjSt jÉAijxj biIfj Id Xj sorieems sorietm

Hijab ti j

E G2j 2 gxj 2 OPT

LP B d A












LP Based Approximations
modelas IP approximate
max gxj integraggglution
over x et
sit Axs6 Troundi

LPsolver optimal

Is 22h
p

relaxtoLP

Covering IPsLP relaxation
J
EAijZjE6

over xp

min CjXj
over XEZIO
sit AijXjSt Aijxj bi for itemforitems
Hijab ti j

LP B d A



LP Based Approximations
modelas IP approximate

I integggglation

sit Axs6 Troundi

LPsolver optimal

i i qqrelaxtoLP

Covering IPsLP relaxation
J
EAij2j16 s

over xp

min CjXj
over XEZIO

St EIAix 16
St Aig

foritems Hijab t i j

Multiplicative Chernoff bound
let X m XnE10,17 be independent

µ EFX tmtXn EECO1

PIXitmtxn.sc em I e EM
LP B d A



LP Based Approximations
modelas IP approximate
max gxj integralsolution

ZEEover x et
sit Axs6 Troundi

LPsolution

I ÉÉÉI
relaxtoLP

Covering IPsLP relaxation
min CjXjmin CjXj
over XEZIOover XERI
sit SEAs.t.IEAig
A jsb tisforitems

Multiplicative Chernoff bound
let X m X ETO17 be independent

µ EFX tmtXn EECO1

PIX tmtxn.sc elm I e Em



Multiplicative Chernoff bound

let X m X E 10,17 be independent

µ ETX tmt Xn

EECO 1

PIX tmt Xn item I e M3

PIX tmt Xn ICI e m I e Ema

proof at end if time permit


